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Orientation and Rotation

Move
and
Rotate

The object is
now at a new
position and
orientation.




Orientation and Rotation

Quaternion




Preliminaries and notations

Unit vectors:
i=[1 0 0] ; j=[0 1 0]" ; k=[0o o 1]”
Transpose:

[A"];; = [Al

Inner product:
(x,y)=x-y=x"y
 Notation simplifications:
sg = sin(6)
cp = cos(6)
S1, = sin(8; + 6,)
c12, = cos(64 + 6,)



Reference Frames

e A point p can have different
coordinates in different reference
frames.

 Z

 Frames can be fixed in space or

attached to moving objects (inertial X £—————__ I

or non-inertial frames)
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Rotation Matrix

o A 2D example
y
A
19 .
{1}

p= Xy L+ Yp - ]
Yy = (M) + Cyp( 7 M)
13’29 = pr<zi )+ 23’19( 7, ')
(a,b) = |al||b]| cos O
lEl =1jl =1

T

[ 1xp] _ cos(6) cosS (E + 6

1 T

Yp cos (E — 9) cos(0)

- sin(@)] [ °x,
zyp

[ 1Xp] _ [cos(@)
1yp sin(8) cos(0)

)

|

2 Yo




Rotation Matrix

« A 2D example 'x,, _[COS(Q) —sin(0)1] “xp
1yp ~ Lsin(8) cos(6) Zyp

> <

1 _[COS(Q) —sin(@)] )
~ |sin() cos(@) | P

The R matrix is both
0 1}9 = 1R zp and operator and a
{2} > X description!
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Rotation Matrix (Direction Cosines)

P

&R = [AiB AfB AkB]

Bi‘Ai BA.A/l\ Bk'Ai
éR — Bi' Ana Br Aa Bk Ana
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Standard Axis Rotations

Rx(H) —

Ry @) =

RZ(Q) —

1
0

0

0
cos 6
sin @

- cos 6
0

0
1

—sin@ O

0
—sin @
cos @ |

sin @7
0
cos 6.

'cos O
sin @

0

—sinfd 0]
cos6 O
0 1.




Rotation Matrix Identities

Rotation matrix from A to B is equal to the transpose of a rotation

matrix from B to A

T
Ap — (B
sR = (4R)
A/l\. B/l\ Aar B/l\ Ak B'l\
iR — Ai' Ba A~r Ba Ak Ba
Ai‘ Bk Aar Bk Ak Bk
Bi‘ Ai B Ai Bk A/l\
T ~
B | B> A» Br Aa B Aar
= (8R) =| 51 k
B/l\ A]'E Ba A]'E Bl’é Al’é




Rotation Matrix Identities

The transpose of a rotation matrix is equal to its inverse

A
B

iR = (GR)™ = 3R)"

T Ap —
R’ 3R =

A’l\g
AAT
JB

Akg

[ “5

An
JB

where I; is the 3 x 3 identity matrix. Hence,

(2R~ =GR

AI;B] — 13




Rotation Matrix Identities

The determinant of a rotation matrix is 1

det(R) =1
det(4)=det(AT
RTR =1 ( )»(det(R))Z = det(]) = +1
Rotation matrix preserves dimensions, hence: ||Rv|| = ||v]|

|Rv|| < /lmax(R)”v” = Amax(R) =+1

Amin(R)”v”% <{(Rv,v) > lmin(R)vTv <vIRTv
Using length perversity of R implies: vTv = (Rv, v); thus: 4,,,;,(R) = 1

Implies that all the eigenvalues of R are 1, consequently: det(R) = 44,43 = +1




Rotation Matrix Identities

Multiplication of two rotation matrices is another rotation matrix

R — R1R2

Using RT = R~ and consequently RTR = I

(RiR2)" (RyR;) = RzT(R1TR1)R2 =1
Also:

det(Rle) — det(Rl) det(Rz) — +1



Rotation Matrix Identities
det(R) =1
R = (GR)T
RT — R—l

R; = R{R, n is space
dimension

R,R, £ R,R, Yn > 2
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Intrinsic vs. Extrinsic Rotations

Intrinsic rotations Extrinsic rotations
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Fuler Angles

Leonhard Euler

April 15, 1707, Basel, Switzerland
September 18, 1783, Saint Petersburg, Russia
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Intrinsic rotations (Fuler)

e Rotations about “new” axes

Z A A A
A Z hZ
DY
;
/$y e
X

 For intrinsic rotations, rotation matrices are post-multiplied:

R = R,({)R,(O)R,(¢)
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Extrinsic rotations

» Rotations about “fixed” axes

A . A . A
z Yi

« For extrinsic rotations, rotation matrices are pre-multiplied:

R = R, ()R, (BIR, (i)

<
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More on Rotation Matrix

R~1 = RT = R is an orthogonal matrix, thus for:

R=[x y Z]
The following statements hold:

2 9=%-2=9-2=0
R R=9-9=2-2=1

This implies only 3 of the 9 components of R are independent!

Consequently, any orientation is achievable through
about linearly independent axes.



Fuler Angles

 Proper Euler angles:
Z-X-Z, X-Y-X, Y-Z-Y, Z-Y-Z, X-Z-X, Y-X-Y

* Tait-Bryan angles:
X-Y-Z, Y-2-X, Z-X-Y, X-Z-Y, Z-Y-X, Y-X-Z
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z-y-x Buler Angles

B

éRzyx =R, (l/))Ry (0)R, ()

Rzyx

Cy

Sy

'—Sw 0_

Cy
0

0

|

0

0
1
0

B

Rzyx

0

_C¢C9
Sng
- _Se

1)

C‘L/)SHS(P — S‘L/JC¢
SngS¢ +'C¢C¢
CQS¢

So
0
Co

CypSeCp + SySe ]
S¢53C¢'—'C¢S¢

CQC¢




z-y-x Buler Angles

CyCo CySeSep — SyCyp CySeCh T SySe

ngyx = |SyCo SySeS¢ + CyCyp  SySeCyp — CySe
—Sp CQS¢ C9C¢
B8R = [ry]
ifcy #0 if 6 =90° if 6 = —90°
6 = atan2 (—r31, /7‘121 + r221> Y=0 Y =0
¢ = atan2(ryy, 12;) ¢ = —atan2(ryy, 12;)

) = atan2 (7‘2_1 7‘1_1)

Co Co

¢ = atan2 <r3_2 1‘3_3>

Co Co
22



Rotations in Constrained Objects

{1}

ise: find 9 Co, —Sa,
 Exercise: find ;R
(1)R — 591 C91
0 0
y X 92 COZ _SQZ
A
%R — 592 ng
0 0
y s
@ >R = IR3R
X
0 C12  —S12
: - X (z)R — 5(1)2 C(1)2
{0}
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Rotations in Constrained Objects

Example:

‘\45°

(1)R = Rz(gl)
%R = Rx(gz)
SR = R,(45°)

LS;R = Ry (93)

7R = 3R3R
2R = 3R3R = 3R3R4R

R = RIR = SRIRZRIR
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Roll-Picth-Yaw

X-y-z or z-y-X Euler Angles

Ry = Ry(¢)Ry(0)R, ()
y

Ry = Ry ($)R, (6)R,(¥)




Rotations in free bodies

Question: Z w = wyl + w,f + wik

If we assume any type of Euler
angles, how can we guarantee

that rotations are preserved?

Answer:

We can not!
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Rotations in free bodies

Z A A

b1+ [Ry (1765 + [R, (0)R, ()] vk

w

27



Singularity!

w = ¢t + [Re(]T0] + [Ry (O)R ()] vk

wy = ¢ —1Psinh
Wy, =1 cos O sin¢ + 6 cos ¢

w, =1 cos @ cos p — O sin¢p

qb = a)x+wysingbtan9 + w, cos ¢ tan 6
6 = Wy COS ¢ — w, sin ¢

Y = (wy sing + w, cosgb)/cos@

\

~  Singularities at:

0

_(@k-Dm

28



Time derivative of a Rotation Matrix

For angular velocity vector w defined in body
frame:

w = a)xi+a)yj+a)kfc

And a rotation matrix 9R that maps {1} into
{0}. The time derivative of the rotation matrix

IS defined as: Z

d R(t) = S(w)R

dt — o X
where:

>
0 —W; Wy {0} y
S(w) =| w, 0 —w,
—Wy Wy 0 X
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Quaternion

Sir William Rowan Hamilton

August 4, 1805, Dublin, Republic of Ireland
September 2, 1865, Dublin, Republic of Ireland
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uaternion

Broom Bridge
Dublin, Irland
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End of Session 1 of 2

To be continued...
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